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ABSTRACT

We have recently proposed a method for classifying waveforms from healthy and damaged structures in a struc-
tural health monitoring framework. This method is based on the use of hidden Markov models with preselected
feature vectors obtained from the time-frequency based matching pursuit decomposition. In order to investigate
the performance of the classifier for different signal-to-noise ratios (SNR), we simulate the response of a lug joint
sample with different crack lengths using finite element modeling (FEM). Unlike experimental noisy data, the
modeled data is noise free. As a result, different levels of noise can be added to the modeled data in order to
obtain the true performance of the classifier under additive white Gaussian noise. We use the finite element
package ABAQUS to simulate a lug joint sample with different crack lengths and piezoelectric sensor signals.
A mesoscale internal state variable damage model defines the progressive damage and is incorporated in the
macroscale model. We furthermore use a hybrid method (boundary element-finite element method) to model
wave reflection as well as mode conversion of the Lamb waves from the free edges and scattering of the waves
from the internal defects. The hybrid method simplifies the modeling problem and provides better performance
in the analysis of high stress gradient problems.
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1. INTRODUCTION

An important problem encountered in structural health monitoring (SHM)* 2 is the efficient detection and
classification of damage in complex metallic structures. Some recent techniques in use for SHM include Lamb
wave methods, wavelet transforms, impedance based approaches, statistical pattern recognition using outliers,
artificial neural networks, and time-frequency (TF) analysis.®®> The key challenge in the design of a reliable
damage detection system is the ability to account for the variability inherent in structural data. This variability
might arise due to material properties, geometry variation, sensor characteristics, debonding issues, measurement
noise, or other environmental factors such as temperature.

A stochastic time-frequency based damage classification approach was proposed® by the authors. Therein,
time-frequency damage features are extracted from the structural data using the matching pursuit decomposition
(MPD) algorithm.” The features are then processed using a stochastic technique known as hidden Markov
modeling (HMM). The HMM models the data with a (hidden) Markov random process and inference is performed
efficiently in a Bayesian framework.

In this paper, we extend that work by studying the robustness of the HMM based damage classifier to
variability in sensor data due to the presence of noise. Data obtained numerically from the physics-based
models® 1?2 via finite element (FE) simulations®® is used as a noise-free baseline to study the effect of noise on
the classifier’s performance. To do this, the algorithm is trained on the noise-free data and tested on data with
controlled amounts of additive white Gaussian noise. We present results from an application to the classification
of (simulated) crack-length in a lug-joint, demonstrating the utility of the proposed approach and the robustness
of the classifier to noise.
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The remainder of the paper is organized as follows. A background of the theoretical framework of MPD
and HMM is provided followed by HMM based classification scheme in Section 2. In Section 3 we refer to and
introduce the three dimensional FEM modeling. The modeling parameters and approach has been described in
brief followed by the use of MPD as a feature extraction scheme and matching pursuit based time-frequency
representation (MPD-TFR) as a cross-term free time-frequency representation. The later part of this section
discusses the modeling of damage classes using HMM and the classification approach as applied to this problem.
In results we have presented the performance the classifier as a function of noise and provided confusion matrices
and receiver operating characteristic (ROC) curve as a measure of the performance. We conclude in Section 4
and summarize the future directions for this work and the immediate progress that we are considering.

2. HIDDEN MARKOV MODEL BASED DAMAGE CLASSIFIER

In this section we briefly review the analytical framework used in the proposed damage classification algorithm.
For more details on these topics, the reader is referred to the literature.”> 412

2.1 Matching Pursuit Decomposition

The matching pursuit decomposition (MPD) is an iterative method of representing a signal as a linear com-
bination of basis functions or atoms chosen from a complete dictionary.” Any signal 2(¢) can be represented
as

o(t) =Y i gi(t). (1)
i=0

The atom g;(t) is chosen such that it maximizes the magnitude of the inner-product

< (x(t) - iar gr(t)> ;gi(t)> :
r=0

In practical applications, this expansion may be truncated to a finite IV as
N—1
I(t) = Z @i gi(t), (2)
i=0

where Z(t) is the approximate reconstruction of z(t) and is referred to as the reconstructed signal. The truncation
limit NV in (2) is usually chosen such that the energy of the residue after N iterations is smaller than some pre-
defined value. The residue z(t) — Z(t) generally has a very small percentage of the overall signal energy and is
ignored in subsequent analysis. The MPD is designed to provide the most compact representation of the given
signal in terms of atoms. In addition, it effectively filters out unwanted signal components such as noise because
the noise subspace is typically orthogonal to that spanned by the dictionary elements. In our application, we
conside a dictionary of the form

1

8 1
g D(t) = (ﬂ> e=rt (=) cog 27TV (t — ) , (3)

i

which is a real Gaussian signal. Each dictionary with element d = {7,,, v, ki} is a set of all time shifted (by
Tn, n =1, ..., Ny), frequency shifted (by vi,, m =1, ..., My), and time scaled (by k;, [ = 1, ..., Lg) atoms
that are normalized to have unit energy. The overall dictionary of all transformed atoms is denoted by D. In the
remaining of the document we would use d as a feature vector and a set of d;, : =0, ..., N — 1 would represent

a signal entirely.
The MPD result is also used to define a time-frequency representation (MPD-TFR) which is defined as”

N—-1

gr(tvf) = Z |O5i|2 WDgi(tvf)a (4)

=0

where WD, (¢, f) is the Wigner distribution¢ of the atom chosen at the ith MPD iteration. This representation
is a cross-term free approximation of the true Wigner distribution of the signal.
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2.2 Hidden Markov Models

A hidden Markov model (HMM)!415 is a probabilistic model used for modeling sequential data. The HMM
defines a probability distribution over an observation sequence y = {y,}, n = 1,...,T by invoking a sequence
of hidden discrete variables x = {z,},n = 1,...,T known as ‘states’. The observations y, are considered
independent of all other variables given x, and the model imposes Markov dynamics on the sequence x,.

For an S state HMM with state variables x5 assuming values from the alphabet {1,...,S}, the model can
be parameterized by 8 = {7, A, B} where, 7 is an S x 1 initial state distribution vector where the ith element is
the probability p(zq =), A is an S x S state-transition matrix where the (4, j)th element is p(z,1+1 = jlx, = 9)
and B is a state-dependent observation density matrix with its jth element denoted as b;(yn) = p(yn|zn = j).
For a discrete HMM, the observations y,, are discrete (restricted to V symbols) and B reduces to a S x V' matrix
whose (7, k)th element is b = p(yn = vi|Tn = J).

Given a ‘training’ observation sequence y,* one can define an .S state HMM Ag that maximizes the probability
of the observing the training sequence y(n). This is done by computing the maximum-likelihood estimate of :

O, = arg max log p(y|6, As) (5)

using the Baum-Welch algorithm.'4*® This is a special case of the expectation-maximization (EM) algorithm!”
which iteratively maximizes the likelihood of the training data. The details of the HMM reestimation procedure
and relevant formulae can be found in'® the paper by Rabiner.

The predictive likelihood of a ‘test’ observation sequence y’ can then be estimated as

p(y'|0nr, As) = D p(x,y'|0ur, As)

N-1 N
= Zﬂ-ltl H [ H b$n (yn) (6)
x n=1 n=1

Note that calculating the predictive likelihood from (6) directly is expensive (requires 27" x ST operations)
but it can be efficiently computed using the forward-backward procedure!® that has a complexity of S?N. A
scaling procedure!® ensures that the implementation is numerically stable in finite-precision arithmetic.

2.3 HMM Based Classification Algorithm

The critical first step of a successful classification system is the extraction of effective discriminatory features. In
this work, MPD is applied to each signal. A set of MPD feature vectors {d;} obtained as described in Section 2.1
is used as features. A signal can be represented by vector O = [og, 01, ..., ox_1]T of observation sequence
where 0; = d;, i = 0, ..., N — 1. It may be noted that the sequence length is the same as the number MPD
iterations as the MPD features are directly used as the observation sequence for the HMM. A subset of such
observation sequences belonging to different damage classes is used for training HMM models for each class. The
remaining observation sequences may be used for model validation and testing. The classifier assigns a given
test observation sequence y’ to damage class k, given by

k = argmax {p(Y’IOf\i)L, As)} : (7)
J
where 01(\% denotes the parameters of the jth HMM (trained on data from damage class j).

3. APPLICATION TO THE DETECTION OF FATIGUE INDUCED DAMAGE

In this section, we study the performance of the HMM based classifier in the presence of noise. To start with, we
needed a noise-free signal. The FEM based modeling that is discussed in 3.1 is used to obtain the clean signal.
Different levels of noise was added to this signal and performance of the HMM classifier was tested in each case.
In addition, it is notable in this section that MPD can be used as a filter to remove noise from the signal.

*For simplicity here we consider just a single observation sequence; the treatment is easily extended to a data set
comprising of multiple independent and identically distributed observation sequences.
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